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 1. Introduction 
Recently, many authors [1–14] have studied the representations
for the parameter derivatives of the classical orthogonal poly-
nomials and various special functions which have many ap-
plications in applied mathematics, mathematical and theoreti-∗ Tel.: +3122126720. 
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S1110-256X(16)00020-1 Copyright 2016, Egyptian Mathematical Society. Pr
under the CC BY-NC-ND license ( http://creativecommons.org/licenses/by-
http://dx.doi.org/10.1016/j.joems.2016.01.004 cal physics and many branches of mathematics. In [9,10] , the
derivative of the Legendre function of the ﬁrst kind, with re-
spect to its degree ν, [ ∂P ν (z ) / ∂ν] ν= n (n ∈ N ) , and its some rep-
resentations have been examined by Szmytkowski, which are
seen in some engineering and physical problems such as in the
general theory of relativity and in solving some boundary value
problems of potential theory, of electromagnetism and of heat
conduction in solids. In [11] , explicit expressions of second-
order derivative [ ∂ 2 P ν (z ) / ∂ν2 ] ν=0 and of third-order derivative
[ ∂ 3 P ν (z ) / ∂ν3 ] ν=0 have been derived. In [12–14] , the author has
presented the derivatives of the associated Legendre function of
the ﬁrst kind with respect to its order and its degree and also a
relationship between these derivatives. Such derivatives of the
associated Legendre function are met in solutions of variousoduction and hosting by Elsevier B.V. This is an open access article 
nc-nd/4.0/ ). 
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m  roblems of theoretical acoustics, heat conduction and other 
ranches of theoretical physics. In [3–8,15] , the representations 
f parametric derivatives in the form 
∂P n (λ; x ) 
∂λ
= 
n ∑ 
k =0 
c n,k (λ) P k (λ; x ) (1) 
or orthogonal polynomials in one variable, λ being a parame- 
er, have been studied. For instance, the representations of para- 
etric derivatives have been obtained by Wulkow [15] for dis- 
rete Laguerre polynomials, by Froehlich [3] for Jacobi polyno- 
ials P (α,β) n (x ) , by Koepf [4] for generalized Laguerre polyno-
ials L (α) n (x ) and Gegenbauer polynomials C 
(λ) 
n (x ) , by Koepf
nd Schmersau [5] for all the continuous and discrete classical 
rthogonal polynomials. In [8] , Szmytkowski has derived again 
he expansions in the form of (1) for Jacobi polynomials, Gegen- 
auer polynomials and the generalized Laguerre polynomials 
y means of a method which is diﬀerent from the methods given
y Froehlich [3] and Koepf [4] . In [7] , Ronveaux et al. have pre-
ented the recurrence relations for coeﬃcients in the expansion 
∂ m P n (λ; x ) 
∂λm 
= 
n ∑ 
k =0 
a n,k (m, λ) P k (λ; x ) (m ∈ N ) 
hich is more general than the expansion form of (1) . More-
ver, Lewanowicz [6] has given a method to obtain iteratively ex- 
licit parameter derivative representations of order m = 1 , 2 , . . .
or almost all the classical orthogonal polynomial families, i.e., 
ontinuous classical orthogonal polynomials, classical orthogo- 
al polynomials of a discrete variable or q-classical orthogonal 
olynomials of the Hahn’s class. 
The classical Jacobi polynomials P (α,β) n (x ) are deﬁned by the 
odrigues formula 
 
(α,β) 
n (x ) = 
(−1) n 
2 n n ! 
(1 − x ) −α(1 + x ) −β d 
n 
dx n 
{
(1 − x ) n + α(1 + x ) n + β}
nd they satisfy the following orthogonality relation 
 1 
−1 
P (α,β) n (x ) P 
(α,β) 
m (x )(1 − x ) α(1 + x ) βdx 
= 2 
α+ β+1 (α + n + 1)(β + n + 1) 
n !(α + β + 2 n + 1)(α + β + n + 1) δn,m = d 
(α,β) 
n δn,m (2) 
here δn , m denotes Kronecker’s delta [16] . The generalized La- 
uerre polynomials deﬁned by 
 
(α) 
n (x ) = 
x −αe x 
n ! 
d n 
dx n 
{ e −x x n + α} 
old 
∫ ∞ 
0 L 
(α) 
n (x ) L 
(α) 
m (x ) e −x x αdx = (α+ n +1) n ! δn,m . 
he representations of parametric derivatives obtained for the 
acobi polynomials P (α,β) n ( [3] ) and generalized Laguerre poly- 
omials L (α) n (x ) ( [4] ) are as follows 
∂P (α,β) n (x ) 
∂α
= 
n −1 ∑ 
k =0 
1 
n + k + α + β + 1 P 
(α,β) 
n (x ) + 
(β + 1) n 
(α + β + 1) n 
×
n −1 ∑ 
k =0 
(2 k + α + β + 1)(α + β + 1) k 
(n − k )(n + k + α + β + 1)(β + 1) k P 
(α,β) 
k (x ) (3) nd 
∂P (α,β) n (x ) 
∂β
= 
n −1 ∑ 
k =0 
1 
n + k + α + β + 1 P 
(α,β) 
n (x ) + 
(α + 1) n 
(α + β + 1) n 
×
n −1 ∑ 
k =0 
(−1) n + k (2 k + α + β + 1)(α + β + 1) k 
(n − k )(n + k + α + β + 1)(α + 1) k P 
(α,β) 
k (x ) (4) 
or α, β > −1 and 
∂L (α) n (x ) 
∂α
= 
n −1 ∑ 
k =0 
1 
n − k L 
(α) 
k (x ) (5) 
or α > −1 where the Pochhammer symbol is deﬁned by 
α) 0 = 1 , (α) k = α(α + 1) . . . (α + k − 1) , k = 1 , 2 , . . . 
ith motivation from the expansion (1) for orthogonal polyno- 
ials in one variable, we consider similar expansion in the form
f 
∂P n,k (λ; x, y ) 
∂λ
= 
n −1 ∑ 
m =0 
m ∑ 
j=0 
d n, j,m P m, j (λ; x, y ) + 
k ∑ 
j=0 
e n, j,k P n, j (λ; x, y ) (6)
or orthogonal polynomials of variables x and y , with λ be-
ng a parameter and 0 ≤ k ≤ n ; n = 0 , 1 , 2 , . . . . In the recent pa-
ers [1,2] , parametric derivative representations in the form of 
6) for Jacobi polynomials on the triangle and a family of or-
hogonal polynomials with two variables on the unit disc have 
een studied. The present paper is devoted to obtain paramet- 
ic derivatives for the polynomials on the parabolic biangle, on 
he square and some new examples of Koornwinder polyno- 
ials introduced in [17] (see also [18] ). Although the parame-
er derivatives of these polynomials with respect to their some 
arameters are in the form of (6) , there exist some other pa-
ameters such that derivatives with respect to them are not 
n the form of (6) . Because, some of the coeﬃcients d n , j , m 
nd e n , j , k depend on the variable x . The set up of this pa-
er is summarized as follows. In Section 2 , we remind the
ethod given by Koornwinder [19] and some examples of this 
ethod. Section 3 contains parametric derivatives of Koorn- 
inder polynomials on the parabolic biangle, orthogonal poly- 
omials on the square, Laguerre–Jacobi Koornwinder poly- 
omials and Laguerre–Laguerre Koornwinder polynomials. In 
ection 4 , some orthogonality relations for the derivatives of 
hese polynomials are studied. 
. Preliminaries 
irst we recall some basic properties of orthogonal polynomials 
n two variables [20] . Let 	 be the set of all polynomials in two
ariables and let 	n denote the linear space of polynomials in 
wo variables of total degree at most n . A polynomial p ∈ 	n 
s called an orthogonal polynomial with respect to the weight 
unction ω( x , y ) if 
 
p, q 
〉 
:= 
∫ 

p(x, y ) q (x, y ) ω(x, y ) d xd y = 0 
or all q ∈ 	n −1 . Let V n denote the space of orthogonal polyno-
ials of degree n with respect to 〈 , 〉 . In 1975, Koornwinder [19]
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 constructed the following method to derive orthogonal poly-
nomials in two variables from orthogonal polynomials in one
variable. Let ω 1 ( x ) and ω 2 ( y ) be univariate weight functions de-
ﬁned on the intervals ( a , b ) and ( c , d ), respectively. Let ρ( x )
be a positive function on ( a , b ) which is either a polynomial
of degree r, (r = 0 , 1 , . . . ) or the square root of a polynomial
of degree 2 r (r = 1 2 , 1 , 3 2 , . . . ) . If ρ( x ) is not a polynomial,
c = −d < 0 and ω 2 ( y ) is an even function on (−d , d ) . For k
≥ 0, let p n (x ; k ) , n = 0 , 1 , . . . be orthogonal polynomial respect
to the weight function ρ2 k +1 (x ) ω 1 (x ) and let q n ( y ), n ≥ 0 be or-
thogonal polynomial with respect to the weight function ω 2 ( y ).
Then, the family of polynomials 
P n,k (x, y ) = p n −k (x ; k ) ρk (x ) q k 
(
y 
ρ(x ) 
)
, 0 ≤ k ≤ n 
are orthogonal with respect to the Koornwinder weight func-
tion ω(x, y ) = ω 1 (x ) ω 2 ( y ρ(x ) ) over the domain 
 = { (x, y ) : a ≤ x ≤ b, cρ(x ) ≤ y ≤ dρ(x ) } 
with respect to the inner product 
〈 
f , g 
〉 
:= 
∫ 

f (x, y ) g(x, y ) ω(x, y ) d xd y. 
Some examples of Koornwinder’s method are as follows: 
(i) Orthogonal polynomials on the parabolic biangle: For
α, β > −1 , Koornwinder polynomials on the parabolic
biangle  = { (x, y ) : y 2 ≤ x ≤ 1 } correspond with 
ω 1 (x ) = (1 − x ) αx β, 0 ≤ x ≤ 1 , 
ω 2 (y ) = (1 − y 2 ) β, −1 ≤ y ≤ 1 , 
ρ(x ) = √ x . 
These polynomials can be deﬁned as 
P (α,β) n,k (x, y ) = P 
(α,β+ k + 1 2 ) 
n −k (2 x − 1) x k/ 2 P (β,β) k ( 
y √ 
x 
) , 0 ≤ k ≤ n
(7)
and they are orthogonal with respect to the weight function 
ω(x, y ) = (1 − x ) α(x − y 2 ) β . 
In fact, 〈 
P (α,β) n,k (x, y ) , P 
(α,β) 
m, j (x, y ) 
〉 
:= 
∫ 

P (α,β) n,k (x, y ) P 
(α,β) 
m, j (x, y )(1 − x ) α(x − y 2 ) βd xd y 
= h (α,β) n,k δn,m δk, j (8)
where 
h (α,β) n,k = 
2 (2 β+1) 2 (β + k + 1)(α + n − k + 1)(β
(n − k )! k !(2 β + 2 k + 1)(2 β + k + 1)(α + β + n + 32
+ 3 2 
)
 β + 2 n − k + 3 2 
). (9)
ii) Orthogonal polynomials on the square: For α, β, γ , δ > −1 ,
the polynomials deﬁned by 
P (α,β,γ ,δ) n,k (x, y ) = P (α,β) n −k (x ) P (γ ,δ) k (y ) , 0 ≤ k ≤ n (10)
are orthogonal with respect to the weight function
ω(x, y ) = (1 − x ) α(1 + x ) β (1 − y ) γ (1 + y ) δ on the square
 = { (x, y ) : −1 ≤ x ≤ 1 , −1 ≤ y ≤ 1 } . In fact, 
〈 
P (α,β,γ ,δ) n,k (x, y ) , P 
(α,β,γ ,δ) 
m, j (x, y ) 
〉 
:= 
∫ 

P (α,β,γ ,δ) n,k (x, y ) P 
(α,β,γ ,δ)
m, j 
× (x, y )(1 − x ) α(1 + x ) β (1 − y ) γ (1 + y ) δd xd y 
= d (α,β) n −k d (γ ,δ) k δn,m δk, j (11)
where d (α,β) n is given by (2) . 
Some new examples of Koornwinder polynomials were in-
troduced in [17] by using Koornwinder construction. These
cases are as follows: 
ii) Laguerre–Jacobi Koornwinder polynomials: The case of 
ω 1 (x ) = x αe −x , 0 ≤ x < ∞ , 
ω 2 (y ) = (1 − y ) β, −1 ≤ y ≤ 1 , 
ρ(x ) = x 
leads to the polynomials 
P (α,β) n,k (x, y ) = L (α+2 k +1) n −k (x ) x k P (β, 0) k ( 
y 
x 
) , 0 ≤ k ≤ n (12)
which are orthogonal with respect to the weight func-
tion ω(x, y ) = x α−βe −x (x − y ) β, (α, β > −1) over the do-
main  = { (x, y ) : −x < y < x, x > 0 } . The following rela-
tion holds 〈 
P (α,β) n,k (x, y ) , P 
(α,β) 
m, j (x, y ) 
〉 
:= 
∫ 

P (α,β) n,k (x, y ) P 
(α,β) 
m, j (x, y ) x 
α−βe −x (x − y ) βd xd y 
= s (α,β) n,k δn,m δk, j 
where 
s (α,β) n,k = 
2 β+1 (α + n + k + 2) 
(n − k )!(β + 2 k + 1) . (13)
v) Laguerre–Laguerre Koornwinder polynomials: From the
Koornwinder construction with 
ω 1 (x ) = x αe −x , 0 ≤ x < ∞ , α > −1 
ω 2 (y ) = y βe −y , 0 ≤ y < ∞ , β > −1 
ρ(x ) = x, α − β > −1 , 
the Laguerre–Laguerre Koornwinder polynomials deﬁned
by 
P (α,β) n,k (x, y ) = L (α+2 k +1) n −k (x ) x k L (β) k ( 
y 
x 
) , 0 ≤ k ≤ n (14)
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lare orthogonal with respect to the weight function ω(x, y ) =
x α−βy βe −(x + y/x ) over the domain 
 = { (x, y ) : 0 ≤ x < ∞ , 0 ≤ y < ∞} . 
It follows that 〈 
P (α,β) n,k (x, y ) , P 
(α,β) 
m, j (x, y ) 
〉 
:= 
∫ 

P (α,β) n,k (x, y ) P 
(α,β) 
m, j (x, y ) x 
α−βy βe −(x + y/x ) d xd y 
= t (α,β) n,k δn,m δk, j 
where 
t (α,β) n,k = 
(β + k + 1)(α + n + k + 2) 
k !(n − k )! . (15) 
. Parametric derivatives of some Koornwinder polynomials 
n [1,2] , parametric derivative representations in the form of 
6) for Jacobi polynomials on the triangle and a family of or-
hogonal polynomials with two variables on the unit disc have 
een studied. In this section, we derive parameter derivatives 
f Koornwinder polynomials on the parabolic biangle, on the 
quare and some new examples of Koornwinder polynomials 
ntroduced in [17] (see also [18] ). Since variable x is included in
ome of the coeﬃcients, there exist some parameter derivatives 
uch that they are not in the form (6) . Now, we consider such
epresentations of parameter derivatives. 
heorem 1. For the Koornwinder polynomials over the parabolic 
iangle P (α,β) n,k (x, y ) deﬁned by (7) , the parameter derivative with
espect to the parameter α is as follows 
∂ 
∂α
P (α,β) n,k (x, y ) = 
n −k −1 ∑ 
s =0 
1 
α + β + n + s + 3 
2 
P (α,β) n,k (x, y ) + 
n −k −1 ∑ 
s =0 
×
(
α + β + 2 n − k − 2 s − 1 
2 
)(
β + n − s + 1 
2 
)
s +1 
(s + 1) 
(
α + β + 2 n − k − s + 1 
2 
)(
α + β + n − s + 1 
2 
)
s +1 
P (α,β) n −s −1 ,k (x, y )
(16)
or n ≥ k + 1 , k ≥ 0 and ∂ 
∂α
P (α,β) n,n (x, y ) = 0 for n = k ≥ 0 . 
roof. If we diﬀerentiate the both side of (7) with respect to the
arameter α, we get 
∂ 
∂α
P (α,β) n,k (x, y ) = x k/ 2 P (β,β) k ( 
y √ 
x 
) 
∂ 
∂α
P 
(α,β+ k + 1 2 ) 
n −k (2 x − 1) 
y using (3) , it concludes that for n ≥ k + 1 , k ≥ 0 
∂ 
∂α
P (α,β) n,k (x, y ) = 
n −k −1 ∑ 
s =0 
1 
α + β + n + s + 3 
2 
P (α,β) n,k (x, y ) + 
n −k −1 ∑ 
s =0 
×
(
α + β + 2 n − k − 2 s − 1 
2 
)(
β + n − s + 1 
2 
)
s +1 
(s + 1) 
(
α + β + 2 n − k − s + 1 
2 
)(
α + β + n − s + 1 
2 
)
s +1 
P (α,β) n −s −1 ,k (x, y )
(α,β) t is obvious from (7) that for n = k ≥ 0 , ∂ 
∂α
P n,n (x, y ) = 0 . heorem 2. For α, β, γ , δ > −1 , the polynomials on the square
eﬁned by (10) satisfy 
∂P (α,β,γ ,δ) n,k (x, y ) 
∂α
= 
n −k −1 ∑ 
s =0 
1 
n − k + s + α + β + 1 P 
(α,β,γ ,δ) 
n,k (x, y ) 
+ 
n −k −1 ∑ 
s =0 
(α + β + 2 n − 2 k − 2 s − 1)(β + n − k − s ) s +1 
(s + 1)(α + β + 2 n − 2 k − s )(α + β + n − k − s ) s +1 
×P (α,β,γ ,δ) n −s −1 ,k (x, y ) , (17) 
∂P (α,β,γ ,δ) n,k (x, y ) 
∂β
= 
n −k −1 ∑ 
s =0 
1 
n − k + s + α + β + 1 P 
(α,β,γ ,δ) 
n,k (x, y ) 
+ 
n −k −1 ∑ 
s =0 
(−1) n −k −s (α + β + 2 n − 2 k − 2 s − 1)(α + n − k − s ) s +1 
(s + 1)(α + β + 2 n − 2 k − s )(α + β + n − k − s ) s +1 
×P (α,β,γ ,δ) n −s −1 ,k (x, y ) (18) 
or n ≥ k + 1 , k ≥ 0 and 
∂P (α,β,γ ,δ) n,n (x, y ) 
∂α
= ∂P 
(α,β,γ ,δ) 
n,n (x, y ) 
∂β
= 0 
or n = k ≥ 0 . Also, 
∂P (α,β,γ ,δ) n,k (x, y ) 
∂γ
= 
k −1 ∑ 
s =0 
1 
γ + δ + k + s + 1 P 
(α,β,γ ,δ) 
n,k (x, y ) 
+ 
k −1 ∑ 
s =0 
(γ + δ + 2 k − 2 s − 1)(δ + k − s ) s +1 
(s + 1)(γ + δ + 2 k − s )(γ + δ + k − s ) s +1 P 
(α,β,γ ,δ) 
n −s −1 ,k −s −1 (x, y ) , 
(19) 
nd 
∂P (α,β,γ ,δ) n,k (x, y ) 
∂δ
= 
k −1 ∑ 
s =0 
1 
γ + δ + k + s + 1 P 
(α,β,γ ,δ) 
n,k (x, y ) 
+ 
k −1 ∑ 
s =0 
(−1) k −s (γ + δ + 2 k − 2 s − 1)(γ + k − s ) s +1 
(s + 1)(γ + δ + 2 k − s )(γ + δ + k − s ) s +1 P 
(α,β,γ ,δ) 
n −s −1 ,k −s −1 (x, y ) , 
(20) 
or n ≥ k ≥ 1 and 
∂P (α,β,γ ,δ) n, 0 (x, y ) 
∂γ
= ∂P 
(α,β,γ ,δ) 
n, 0 (x, y ) 
∂δ
= 0 
or n ≥ 0 , k = 0 . 
roof. In view of equalities (3) and (4) , the proof is clear. 
Now, we can get similar results for Laguerre–Jacobi Koorn- 
inder and Laguerre–Laguerre Koornwinder polynomials. 
heorem 3. The representations of parameter derivatives with 
espect to the parameters α and β for Laguerre–Jacobi Koorn- 
inder polynomials P (α,β) n,k (x, y ) deﬁned by (12) are given by 
∂ 
∂α
P (α,β) n,k (x, y ) = 
n −k −1 ∑ 
s =0 
1 
n − k − s P 
(α,β) 
k + s,k (x, y ) (21) 
or n ≥ k + 1 , k ≥ 0 and ∂ 
∂α
P (α,β) n,n (x, y ) = 0 for n = k ≥ 0 . Simi-
arly, 
∂ 
∂β
P (α,β) n,k (x, y ) = 
k −1 ∑ 
s =0 
1 
β + k + s + 1 P 
(α,β) 
n,k (x, y ) 
+ 
k −1 ∑ 
s =0 
(β + 2 k − 2 s − 1)(k − s ) s +1 
(s + 1)(β + 2 k − s )(β + k − s ) s +1 x 
s +1 P (α+2 s +2 ,β) n −s −1 ,k −s −1 (x, y ) 
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 for n ≥ k ≥ 1 and ∂ 
∂β
P (α,β) n, 0 (x, y ) = 0 for n ≥ 0 , k = 0 . It is seen
that the parametric derivative with respect to the parameter β is
not in the form of (6) since the coeﬃcients include variable x. 
Theorem 4. For Laguerre–Laguerre Koornwinder polynomials
deﬁned by ( 14 ), we have 
∂ 
∂α
P (α,β) n,k (x, y ) = 
n −k −1 ∑ 
s =0 
1 
n − k − s P 
(α,β) 
k + s,k (x, y ) (22)
for n ≥ k + 1 , k ≥ 0 and ∂ 
∂α
P (α,β) n,n (x, y ) = 0 for n = k ≥ 0 . Simi-
larly, for n ≥ k ≥ 1 
∂ 
∂β
P (α,β) n,k (x, y ) = 
k −1 ∑ 
s =0 
1 
s + 1 x 
s +1 P (α+2 s +2 ,β) n −s −1 ,k −s −1 (x, y ) 
which is diﬀerent from the form of (6) since the coeﬃcients in-
clude variable x. Also, ∂ 
∂β
P (α,β) n, 0 (x, y ) = 0 for n ≥ 0 , k = 0 . 
4. Orthogonality properties of parametric derivatives 
Now, we consider orthogonality properties for the paramet-
ric derivatives of the polynomials on the parabolic biangle,
the polynomials on the square, Laguerre–Jacobi and Laguerre–
Laguerre Koornwinder polynomials. 
Theorem 5. For Koornwinder polynomials on the parabolic bian-
gle given by (7) and their derivative with respect to the parameter
α, we have for n ≥ k + 1 , k ≥ 0 , 0 ≤ j ≤ m ; n, m ∈ N 0 
〈 
P (α,β) m, j , 
∂ 
∂α
P (α,β) n,k 
〉 
= 
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 
0 , k 
 = j 
0 , k = j, m > n 
A (α,β) n,k,m , n > m ≥ k = j 
B (α,β) n,k , k = j, n = m 
and for n = k ≥ 0 
〈 
P (α,β) m, j , 
∂ 
∂α
P (α,β) n,n 
〉 
= 0 
where 
A (α,β) n,k,m = 
(
α + β − k + 2 m + 3 2 
)(
β + m + 3 2 
)
n −m 
(n − m ) 
(
α + β + n − k + m + 3 2 
)(
α + β + m + 3 2 
)
n −m 
h (α,β) m,k 
and 
B (α,β) n,k = 
n −k −1 ∑ 
s =0 
1 
α + β + n + s + 3 2 
h (α,β) n,k 
where h (α,β) n,k is given by (9) . 
Proof. We will divide the proof into two cases. 
Case 1. We consider the case n = k ≥ 0 . It is seen that 
〈 
P (α,β) m, j , 
∂ 
∂α
P (α,β) n,n 
〉 
= 0 
since ∂ P (α,α) n,n (x, y ) = 0 for n = k ≥ 0 . ∂αCase 2. We assume that n ≥ k + 1 , k ≥ 0 . From (16) , we can
write 
〈 
P (α,β) m, j , 
∂ 
∂α
P (α,β) n,k 
〉 
= 
n −k −1 ∑ 
s =0 
1 
α + β + n + s + 3 2 
〈 
P (α,β) m, j , P 
(α,β) 
n,k 
〉 
+ 
n −k −1 ∑ 
s =0 
(
α + β + 2 n − k − 2 s − 1 2 
)(
β + n − s + 1 2 
)
s +1 
(s + 1) 
(
α + β + 2 n − k − s + 1 2 
)(
α + β + n − s + 1 2 
)
s +1 
×
〈 
P (α,β) m, j , P 
(α,β) 
n −s −1 ,k 
〉 
. (23)
For this case, we consider three subcases. 
Case 2.1. Let consider the case k 
 = j or k = j, m > n . It fol-
lows from (8) that 
〈 
P (α,β) m, j , 
∂ 
∂α
P (α,β) n,k 
〉 
= 0 . 
Case 2.2. Assume that k = j, n > m . Since the ﬁrst inner
product in the right-hand side of the equality (23) from (8) is
zero, we get 
〈 
P (α,β) m,k , 
∂ 
∂α
P (α,β) n,k 
〉 
= 
n −k −1 ∑ 
s =0 
×
(
α + β + 2 n − k − 2 s − 1 2 
)(
β + n − s + 1 2 
)
s +1 
(s + 1) (α + β + 2 n − k − s + 1 2 )(α + β + n − s + 1 2 )s +1 
× h (α,β) n −s −1 ,k δn −s −1 ,m , 
which contains only one non-vanishing term with s = n − m −
1 for m ≥ k . One may deduce that 
A (α,β) n,k,m = 
(
α + β − k + 2 m + 3 2 
)(
β + m + 3 2 
)
n −m 
(n − m ) 
(
α + β + n − k + m + 3 2 
)(
α + β + m + 3 2 
)
n −m 
h (α,β) m,k 
where h (α,β) n,k is given by (9) . 
Case 2.3 Let k = j, m = n . Then, from the relation (8) we
have 
〈 
P (α,β) n,k , 
∂ 
∂α
P (α,β) n,k 
〉 
= 
n −k −1 ∑ 
s =0 
1 
α + β + n + s + 3 2 
〈 
P (α,β) n,k , P 
(α,β) 
n,k 
〉 
= 
n −k −1 ∑ 
s =0 
1 
α + β + n + s + 3 2 
h (α,β) n,k , 
which completes the proof. 
By using the parameter derivatives given in Theorem 2 and
the relation (11) , the next theorem is readily veriﬁed. 
Theorem 6. For Koornwinder polynomials on the square deﬁned
by (10) , we have for 0 ≤ j ≤ m ; n, m ∈ N 0 , n ≥ k + 1 , k ≥ 0 
〈 
P (α,β,γ ,δ) m, j , 
∂ 
∂α
P (α,β,γ ,δ) n,k 
〉 
= 
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 
0 , k 
 = j 
0 , k = j, m > n 
C (α,β,γ ,δ) n,k,m , n > m ≥ k = j 
D (α,β,γ ,δ) n,k , k = j, n = m 
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P (α,β,γ ,δ) m, j , 
∂ 
∂β
P (α,β,γ ,δ) n,k 
〉 
= 
⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 
0 , k 
 = j 
0 , k = j, m > n 
E (α,β,γ ,δ) n,k,m , n > m ≥ k = j 
D (α,β,γ ,δ) n,k , k = j, n = m 
nd for n = k ≥ 0 
 
P (α,β,γ ,δ) m, j , 
∂ 
∂α
P (α,β,γ ,δ) n,n 
〉 
= 
〈 
P (α,β,γ ,δ) m, j , 
∂ 
∂β
P (α,β,γ ,δ) n,n 
〉 
= 0 
here 
 
(α,β,γ ,δ) 
n,k,m 
= (α + β + 2 m − 2 k + 1)(β − k + m + 1) n −m 
(n − m )(α + β + n + m − 2 k + 1)(α + β − k + m + 1) n −m 
× d (α,β) m −k d (γ ,δ) k 
 
(α,β,γ ,δ) 
n,k = 
n −k −1 ∑ 
s =0 
1 
n − k + s + α + β + 1 d 
(α,β) 
n −k d 
(γ ,δ) 
k , 
 
(α,β,γ ,δ) 
n,k,m 
= (−1) 
m −k +1 (α + β + 2 m − 2 k + 1)(α − k + m + 1) n −m 
(n − m )(α + β + n + m − 2 k + 1)(α + β − k + m + 1) n −m 
× d (α,β) m −k d (γ ,δ) k 
here d (α,β) n is deﬁned as in (2) . 
Similarly, using the results in Theorems 3 and 4 , one can 
asily obtain the next results. 
heorem 7. For Laguerre–Jacobi Koornwinder polynomials 
 
(α,β) 
n,k (x, y ) deﬁned by (12) , n, m ∈ N 0 , 0 ≤ j ≤ m, we get for
 ≥ k + 1 , k ≥ 0 
 
P (α,β) m, j , 
∂ 
∂α
P (α,β) n,k 
〉 
= 
⎧ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎩ 
0 , k 
 = j 
0 , k = j, m ≥ n 
G (α,β) n,k,m , n > m ≥ k = j 
nd for n = k ≥ 0 
 
P (α,β) m, j , 
∂ 
∂α
P (α,β) n,n 
〉 
= 0 
here 
 
(α,β) 
n,k,m = 
1 
n − m s 
(α,β) 
m,k 
here s (α,β) n,k is given by (13) . 
heorem 8. For Laguerre–Laguerre Koornwinder polynomials 
 
(α,β) 
n,k (x, y ) , n, m ∈ N 0 , 0 ≤ j ≤ m, the following results hold for
 ≥ k + 1 , k ≥ 0 
 
P (α,β) m, j , 
∂ 
∂α
P (α,β) n,k 
〉 
= 
⎧ ⎪ ⎪ ⎨ 
⎪ ⎪ ⎩ 
0 , k 
 = j 
0 , k = j, m ≥ n 
H (α,β) n,k,m , n > m ≥ k = j nd for n = k ≥ 0 
 
P (α,β) m, j , 
∂ 
∂α
P (α,β) n,n 
〉 
= 0 
here 
 
(α,β) 
n,k,m = 
1 
n − m t 
(α,β) 
m,k 
here t (α,β) n,k is deﬁned by (15) . 
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